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Perceived illuminationThe spatial pattern of reﬂected light carries detailed but ambiguous information about 3D shapes of illu-
minated objects. A little studied factor that affects the perceived 3D relief of 2D shaded ﬁgures is the
shape of their contours. An experiment is reported in which 102 subjects matched twelve contoured
grating displays (horizontal three-cycle gratings with variously shaped top and bottom contours) with
perspective line drawings of different 3D shapes, and also judged their depth extent and direction of
illumination. The results showed that contour shapes can have surprisingly strong and salient effects
on perceived relief. For each display there was a dominant matching drawing, chosen by the largest per-
centage of subjects, which varied from 95% to 26% across the set of displays. The luminance distribution
of contoured gratings is essentially 1D, so that, compared to the general 2D case, their mathematical anal-
ysis is considerably simpliﬁed, and shape can in certain cases be recovered from shading in analytical
form, yielding a three-parameter family of solutions. An analysis of subject responses showed that most
reported reliefs had shapes which were closely related to members of the solution family. Furthermore,
the particular perceived shapes of contoured gratings could with some success be predicted from the
shapes of their contours, based on a simple shape-from-contours rule. However, the data also indicated
the presence of a convexity tendency, independent from contour shape.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Shading, the spatial pattern of light reﬂected from an object,
carries detailed information about its 3D shape or relief
(Koenderink, van Doorn, & Pont, 2012; van Doorn, Koenderink, &
Wagemans, 2011), and serves as an important cue for its percep-
tion (Todd, 2004). Painters have used shading for centuries to pro-
duce highly realistic 2-D depictions of complex 3-D objects.
However, shading is an ambiguous cue of relief: the same 3D shape
illuminated from different directions generates different shadings,
and different 3D shapes can give rise to the same shading
(Belhumeur, Kriegman, & Yuille, 1999). An intriguing but little
studied phenomenon is the effect of the shape of 2D contours of
shaded regions on their perceived relief (Barrow & Tenenbaum,
1981; Ramachandran, 1988; Schoﬁeld, Rock, & Georgeson, 2011;
Wagemans, Van Doorn, & Koenderink, 2010; Witkin &
Tenenbaum, 1983). Here I present a whole class of conﬁgurations,
labeled ‘contoured gratings’, that demonstrate surprisingly
powerful and varied effects of this type.
The four images in Fig. 1 share the same luminance distribution,
and differ only in the shapes of the top and bottom boundaries.
This relatively simple stimulus manipulation gives rise toremarkable perceptual effects involving a number of features. First,
although these stimuli all evoke impressions of 3D shapes, their
perceived reliefs are saliently different. In Fig. 1a the perceived
3D shape involves three abutting semi-cylindrical convex seg-
ments, but in Fig. 1b the middle segment is perceived as concave.
In Fig. 1c one sees three pairs of alternating convex and concave
segments, whereas in Fig. 1d the dominant impression corresponds
to two abutting convex segments. The shapes of the perceived
reliefs seem to be largely determined by the shapes of the contours
of the shaded regions. They are similar, at least to ﬁrst approxima-
tion, to surfaces generated by swiping the contour outlines through
space along a straight line, as represented in Fig. 1e–h. The 3D
structures of these surfaces, which consist of joined semi-cylindri-
cal convex and concave segments, mirror the 2D features of the
contours, including their convexities, concavities, inﬂections and
crevices. A remarkable feature of these displays is that the 3D
reliefs are perceptually salient not only in the vicinity of the con-
tours, but uniformly throughout the whole extents of the shaded
images, in between the contours. Furthermore, it is easily shown
that the perception of 3D shapes in these images is not due solely
to the shapes of the contours but to the presence of shading as
well. This is demonstrated in Fig. 1i–l, in which the same contours
enclose uniform interiors. Compared to Fig. 1a–d, in these silhou-
ettes the perception of relief and depth is much less salient, or even
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Fig. 1. 2D images and 3D percepts. (a–d) Four contoured gratings which evoke vivid 3D percepts. The gratings consist of three cycles of a triangular luminance distribution,
and the contours consist of concave and convex semi-elliptical segments. (e–h) Approximate representations of the percepts elicited by the contoured gratings. (i–l) Contours
without gratings do not evoke vivid 3D percepts.
Fig. 2. The ‘elusive arch’, a new ambiguous ﬁgure. The luminance distribution in the
radial direction is the same as in Fig. 1a–d, but with semi-circular isophotes. The
contour at the left end has the same shape as in Fig. 1b, and the contour at the right
end has the same shape as in Fig. 1c. The perceived reliefs and illumination
directions of the shaded image near the two ends, and to some extent toward the
interior, are similar as in Fig. 1b and c, respectively. The location of the transition
region between the two depth proﬁles is elusive and shifts with prolonged
observation, so that the percept, especially in the central portion of the image, is
ambiguous and unstable. If the contoured ends of the image are occluded, the
resulting percept involves three convex semi-circular regions (‘sausages’), similar to
Fig. 1a. In 2005 a variant of this ﬁgure won the third price at the First Annual Best
Illusion of the Year Contest, held at the European Conference of Visual Perception in
La Coruña, Spain.
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not be accounted for by assuming that they are simply due to the
3D perspective interpretation of the ﬁgures.
The second noteworthy difference between images in Fig. 1a–d
involves the perceived directions of illumination of the reliefs. The
shapes in Fig. 1a and b seem to be illuminated from above, whereas
the shape in Fig. 1c seems to be illuminated obliquely from the
right. The shape in Fig. 1d does not seem to invoke a clear and con-
sistent impression of illumination direction, although one may
consider that the left third is illuminated from the left and the right
third from the right. The third interesting feature of Fig. 1a–d is
their perceived reﬂectance. On the one hand, the shapes in
Fig. 1a–c appear to have more or less uniform reﬂectance, such that
their variations in luminance can be accounted for by differential
illumination. On the other hand, the shape in Fig. 1d does not seem
to have uniform reﬂectance, but appears lighter in some regions
and darker in others. Finally, there is also an effect on perception
of material, in that the shapes in Fig. 1a and b appear to be made
from some shiny metallic stuff, whereas the material of the shape
in Fig. 1c looks more matte. In sum, these ﬁgures demonstrate how
a relatively simple type of image manipulation involving contour
shape may induce a wide range of perceptual effects, including
perceived relief, direction of illumination, reﬂectance, and
material.
The common luminance distribution of the images in Fig. 1a–d
involves ﬁve extrema in the interior, including three maxima
(lightest stripes) and two minima (darkest stripes). However, their
geometric and photometric interpretations are rather different in
the four images. In Fig. 1a and b the lightest stripes look like high-
lights and are located at the extremal spatial positions of the per-
ceived reliefs: at three peaks in Fig. 1a, and at two peaks and a
trough in Fig. 1b. In Fig. 1c the lightest stripes look less like high-
lights, and are not located at extremal positions but at inﬂections
of the reliefs. In Fig. 1d the left and right lightest stripes are located
at the inﬂections and the middle one at the crevice formed by the
abutting convex segments; this stripe does not look like a highlight
but rather like a strange source of light. On the other hand, the
darkest stripes are located at the crevices in Fig. 1a, at inﬂectionsin Fig. 1b and c, and at the peaks in Fig. 1d, where they convey
the impression of darkly colored central threads of worn tires.
A feature of the luminance distribution of the images in
Fig. 1a–d is that it varies only along the horizontal orientation,
whereas along the vertical orientation the luminance is uniform,
that is, the vertical lines are isophotes. However, similar effects
can also be obtained in luminance distributions with curved isoph-
otes, such as in Fig. 2. As detailed in the legend, this ﬁgure also
demonstrates the effect of the presence of incongruous contours
at the two ends of the shading pattern.
In previous research the perceptual effects of shapes of contours
of shaded ﬁgures were only demonstrated in a few different
ﬁgures. In order to obtain some insight into the generality of these
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were chosen as stimuli. Such a broad overview can provide the
basis for more parametrically oriented further research. Data for
three perceptual features were collected involving 3D shape, illu-
mination direction, and depth extent. Since a preliminary study
indicated that subject reactions for some displays were rather uni-
form whereas for others they were more diverse, in the present
study the stimuli were presented to a relatively large group of
observers, thus enabling some insight into the consistency,
variability and distribution of the responses.
2. Methods
Subjects. One hundred and two ﬁrst year psychology students at
the University of Belgrade took part in the experiment for course
credit.
Stimuli. The stimuli were twelve contoured grating displays
(Fig. 3), printed in sepia tones on high-grade paper. For reasons
explained in the discussion section, their luminance distribution
was not triangular, as in Fig. 1, but sinusoidal (with one partial
exception, display 3f); phenomenally, the main difference is that
in these distributions the lighter stripes were broader. All stimuli
were printed on a single sheet, which also contained space for
answers. There were four versions of the stimulus sheet, differing
in the placement of the individual displays. Two thin black dashed
horizontal lines, whose role is explained below, were superim-
posed over each display, placed at one third and two-thirds of dis-
play height (not shown in Fig. 3).
Procedure. The subjects were tested in three groups of 32–35
each. The four versions of the stimulus sheets were randomly dis-
tributed among them; two versions were distributed to 26 subjects
each, and two to 25 subjects each. The subjects were asked to make
three judgments for each of the twelve stimuli. The ﬁrst judgment
concerned the perceived 3D shape of the displays. To answer this
question, the subjects were handed a separate sheet containing
17 black-and-white non-shaded perspective line drawings of 3D
bodies, as in Fig. 4. The choice and design of line drawings was
based on informal judgments of the appearances of displays, and
on the results of a preliminary study with 69 subjects involving
same or similar stimuli. The task of the subjects was to identify,
for each display on the stimulus sheet, the one line drawing that
‘looked most’ like that display, by circling one of the corresponding
17 letters on the sheet. It was pointed out to subjects that since
some drawings were rather similar to each other, they should
familiarize themselves with them and note their differences. It
was also pointed out that one of the drawings depicted a ﬂat sur-
face. If, for a given display, there was no drawing that looked sufﬁ-
ciently like it, the instructionwas to not circle any letter (‘nomatch’
response). It was pointed out to subjects that it was not part of the
task to assign a different matching drawing to each individual dis-
play, but that different displays could be assigned to the same
drawing, and that some drawings might not correspond to any of
the displays. It was also pointed out that one could think of theFig. 3. Sketch illustrating the choice of possible illumination directions.stimulus displays as of depictions of various 3D objects observed
from above, and of the drawings as of depictions of similar bodies
observed obliquely from the side. Furthermore, the subjects were
asked to imagine that the 3D bodies perceived in the displays were
cut through vertically at the positions of the two dashed lines
described above, and that the line drawings would represent the
resulting remaining middle portion of such a cut, so that to fulﬁll
the task they should attend to the middle portions of the displays
(between the two dashed lines) and disregard the top and bottom
portions, which were not represented in the drawings.
The second task involved perceived illumination. The subjects
were told that one could think of the represented 3D bodies as
being illuminated from a certain direction. Their task was to indi-
cate that direction, by circling one of ﬁve arrows arranged as in
Fig. 3, printed below each of the twelve stimulus displays. It was
explained that the ﬁve directions to choose from were directly or
obliquely from the left or from the right, as well as from above.
The corresponding angles of illumination, as speciﬁed by the direc-
tions of the arrows, were thus 0, 45, 90 (corresponding to light
coming from above), 135 and 180. No other possibilities were
on offer (such as that the body was perceived as lit from behind
or that it contained a source of illumination). The subjects were
told that if it looked that light was coming from different directions
at different portions of the display, they should circle all corre-
sponding arrows. If, for a given display, there was no particular
sense of illumination direction, the instruction was not to circle
any arrow. In the analysis, the 0 and 45 answers were combined
into the category L (for ‘Left’), and the 135 and 180 answers were
combined into the category R (for ‘Right’).
The third task was to estimate the depth amplitudes of the dis-
plays. The subjects were told that one could think of the stimulus
displays as of 3D bodies undulating in depth, and that their task
was to estimate the extent or amplitude of that depth, from the
top to the bottom, by circling one of four possible answers. The
possibilities to choose from were that the depth extent was large,
medium, small, or none (that is, that the display looked ﬂat); for
the analysis, these judgments were transformed into a scale from
3 to 0. If for a given display no deﬁnite impression of depth could
be formed, the instruction was not to circle any answer. For all
tasks the advice was to survey all displays and drawings before
starting to answer. The whole procedure, including the instruction,
lasted about half an hour. The research was conducted in accor-
dance with The Code of Ethics of the World Medical Association
(Declaration of Helsinki).
3. Results
The ﬁrst task of the subjects was to identify the 3D shape (relief)
of each of the 12 contoured grating displays (Fig. 4), by choosing
the corresponding matching ﬁgure from a set of 17 line drawings
of 3D shapes (Fig. 5). The reason that the subjects were instructed
to attend to the middle portions of the shaded displays was to
draw their attention away from the contours, and in this way to
decrease the probability that the 3D shape judgments were solely
based on the contour shapes. This instruction could in principle
have biased the subjects toward some default 3D interpretation
for all ﬁgures. However, the contour shapes did in fact have a
strong effect on perceived relief. For all displays there was a match-
ing drawing chosen by the majority of subjects (the ‘dominant
match’). The stimuli in Fig. 4 are ordered alphabetically from A to
L according to the percentages of the dominant matches, which
ranged from 95% to 26%; since there were 102 subjects, percent-
ages are much the same as the numbers of subjects. The subjects
tended to choose different dominant matches for different
gratings, except that the same drawing was dominantly chosen
for displays 4a and 4g, and also for displays 4b, 4c and 4d.
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Fig. 4. Contoured gratings used in the experiment and main corresponding results. All displays consist of three joined regions with sinusoidal luminance distributions; (f) is
an exception, in that it included four superimposed thin light stripes. The line drawings next to each display represent dominant matches for the corresponding perceived 3D
shapes (see Fig. 5), as indicated by the percentages of subjects who chose the drawing. Only drawings chosen by at least 8% of the subjects are presented, up to a maximum of
three. The complete results are presented in Table 1. A rectangle with three ﬂat segments (occurring for (i)) indicates that the perceived shape was ﬂat. An empty rectangle
(occurring for (h, j, k and l)) codes the choice ‘no shape match’. The numbers indicated by D present the mean depth ratings of the perceived reliefs, on a scale from 0 to 3. The
numbers indicated by L, A, R and N present the percentages of chosen illumination directions, corresponding to Left, Above, Right, and No illumination match. The percentages
were scaled to add to 100%, since raw percentages may have added to more than 100%, because more than one choice of illumination direction was possible.
Table 1
Response frequencies.
The table lists the number of subjects, out of 102, who matched each of the twelve contoured gratings in Fig. 3 to one of the seventeen perspective line drawings (or none) in
Fig. 4. The columns are ordered according to the sizes of the percentage of the dominant match, which are shaded.
4 D. Todorovic´ / Vision Research 103 (2014) 1–10Based on the results, the stimuli could with some justiﬁcation
be divided into three groups, according to the consistency of the
responses of the subjects and additional statistical criteria. The ﬁrstgroup was the strong consistency group, comprised by Fig. 4a–g,
for which the dominant match was chosen by 70% of subjects or
more. Statistically, all members of this group had in common the
Fig. 5. Line drawings presented to observers as choices for perceived 3D shapes for the contoured grating displays.
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frequencies of all other matches combined. For example, for dis-
play 4 g, for which the dominant percentage was lowest in the
group (70%), v2(1) = 14.16, p < 0.001. The second stimulus group
was the medium consistency group, comprised by Fig. 4h–k, for
which the dominant response was between 39% and 54%. For all
members of this group, the frequency of the dominant match
was larger than the frequency of the next higher match. Thus for
display 4 h, v2(1) = 18.00, p < 0.001; for display 4i, v2(1) = 4.26,
p = 0.039; for display 4j, v2(1) = 5.56, p = 0.018; for display 4k,
v2(1) = 8.64, p = 0.003. The third group was the low consistency
group, consisting only of Fig. 4l, whose dominant response was
26%; this stimulus had incongruous shapes at its two ends, and
was the straight isophotes version of Fig. 2.
The largest dominant match, that is, the highest consistency of
subject responses, was recorded for the contoured grating display
in Fig. 4a. Its contour involved three convex semi-elliptical seg-
ments at both sides, similar to Fig. 1a, and it was matched by
95% of subjects to the line drawing depicting three convex semi-
cylinders. The next three displays in order of dominance (4b–d),
shared the same dominantly perceived shape, a concave semi-
cylinder ﬂanked by two convex ones, with similar percentages of
dominant matches (86%, 84%, and 78%); these displays shared
the same top contour (similar to Fig. 1b), but had different bottom
contours. Next in consistency was display 4e, whose contours con-
sisted of alternating convex and concave segments (similar to
Fig. 1c), and for which the dominantly matched drawing (76%)
involved a corresponding relief of alternating ridges and grooves.
Finally, displays 4f and 4g both had contours with three concave
segments at both ends, but display 4f in addition had superim-
posed four thin bright lines over the midlines of the dark stripes
(making it the one display whose luminance distribution was
slightly different from the rest). This relatively minor stimulus dif-
ference had a dramatic effect on the subjects’ responses. In case of
display 4g, 70% of subjects chose the depth proﬁle with three con-
vex portions, same as for display 4a, and 12% of subjects assigned
to it the inverse shape, the drawing with three concave portions. In
contrast, in display 4f, with the thin bright lines added, the
response structure was inverted, in that 74% of subjects reported
three concave 3D portions, and 18% reported three convex
portions.For the medium consistency group of displays (4h–k) the
responses of the subjects were more variable, and there was a gen-
eral increase in the percentage of ‘no match’ responses. Interest-
ingly, when the contours at both ends of the shading were
straight, as in display 4i, the majority of subjects (47%) declared
the proﬁle as ﬂat in 3D. However, 29% of subjects assigned to this
display the same proﬁle as for display 4a, and 11% assigned to it a
similar proﬁle with three convex 3D portions. The combination of
these two frequencies (40%) was statistically not different from the
dominant response, v2(1) = 0.56, p > 0.53. The other members of
this group will be commented upon in the Discussion section.
Finally, the low consistency display (4l) had the top edge
shaped like display 4e and the bottom edge shaped like display
4c. This incongruity was likely the reason that 26% of the subjects
decided not to match it to any line drawing. However, 25% assigned
to it the same proﬁle as for the display with the same top edge (4e),
and 12% assigned to it the same proﬁle as for the display with the
same bottom edge (4c).
Perceived illumination was dominantly from above for most
displays, with a few exceptions: the dominant direction for display
4e was from the right, and displays 4h and 4k had no clearly dom-
inant direction. Furthermore, the structure of illumination
responses for the incongruous display 4l mirrored the structure
of the shape responses, with more reports for illumination from
the right (as for 4e) than from above (as for 4c). Finally, the
reported depth amplitudes had a rather wide range from 0.70 to
2.81, on a scale from 0 to 3, and were reasonably in accord with
reported shapes. Depth was largest for displays 4b and 4c, whose
contours involved broad concave and convex portions, and small-
est for display 4i, which was dominantly reported as ﬂat.4. Discussion
How can the obtained strong effects of contour shape of shaded
regions on perceived relief, illumination direction and depth extent
be accounted for? I will present mathematical analyses of 3D
shapes corresponding to gratings, show how the mathematical
solutions relate to percepts of relief, and propose an account of
the data in terms of a shape-from-contour rule and a convexity
tendency.
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Given several simplifying assumptions, the 2D luminance
distribution generated by an illuminated 3D body can be readily
calculated, using the irradiance equation (Horn & Brooks, 1989).
The assumptions involve features of lighting (a single source of
parallel illumination with known direction), surface color (uniform
lambertian reﬂectance), and optical interactions between surfaces
(disregard of shadows and multiple reﬂections). However, solving
the inverse problem, that is, reconstructing the 3D shape from a
given 2D luminance distribution, is difﬁcult. Many shape-
from-shading algorithms were proposed in the machine vision
literature, but their performance is rather variable (Durou,
Falcone, & Sagona, 2008). However, the mathematical problem is
considerably simpliﬁed when luminance varies only along one
dimension, which is true for the displays used herein. In this case,
under the same assumptions as for general 2D luminance
distributions, the irradiance equation takes the following form:
LðxÞ ¼ rII0N0 ¼ cos s zx sin sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ z2x
p ¼ cos d ð1Þ
Here L(x) is the 1D luminance distribution, r is the reﬂectance of
the body, I is the intensity of the illumination, I0 is its unit direc-
tion vector, and N0 is the unit surface normal vector. The second
form of the equation arises when r and I are normalized to 1,
illumination direction is speciﬁed by the angle s (with s = 0
corresponding to light from above), and the unit normal vector
is calculated based on zx, the ﬁrst derivative of the depth proﬁle
of the body. The magnitude of luminance at a point is proportional
to the cosine of angle d, subtended by the direction of illumination
and the surface normal. Mallot (2000) has shown that, unlike in
the 2D case, the above equation can be readily solved for the
depth derivative:Fig. 6. The luminance distribution and the reconstructed shapes. (a) A representation of t
Examples of solution curves for the depth proﬁle z(x), corresponding to different illumin
represent the direction of illumination for nine locations on the proﬁles, whose x-coordin
surface normals at those locations. Their lengths are proportional to the cosine of the ang
the amount of luminance L(x). The distributions of the arrows lengths are identical for all
Note that all proﬁles are just different segments of the same curve, deﬁned by Eq. (3).Zx ¼
LðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 L2ðxÞ
q
 sins cos s
L2ðxÞ  sin2 s
ð2Þ
For a given luminance distribution L(x), the depth proﬁle z(x)
can be calculated simply by integrating Eq. (2) (analytically or
numerically), and thereby reconstructing shape from shading. For
example, for L(x) = sin(x), the equation has a simple analytical
solution (Mallot, 2000):
ZðxÞ ¼  logðsinðs xÞÞ þ C ð3Þ
The existence of the closed form solution in this case was the
reason for the choice of the sinusoidal shape of the luminance dis-
tribution in the experiment, although this shape was likely dis-
torted by the printing process. The important advantage of the
existence of a simple analytical solution is that, as shown in the
two following paragraphs, it provides precise and detailed insight
into how the interplay of illumination direction and 3D shape
determines the luminance distribution, and thus affords a poten-
tially deeper understanding of shape-from-shading recovery, not
easily available in this form when using standard numerical algo-
rithms and complex, naturalistic displays. It is important to note
that Eq. (3) does not deﬁne a single, unique shape, but a three-
parameter family of shapes. The roles of the three sources of
non-uniqueness (the sign, the direction of illumination s, and the
integration constant C), will be illustrated in the following. Note
that it is this mathematical multiplicity of the solutions which is
plausibly the basis of the perceptual multiplicity of the 3D shapes
evoked by the contoured grating displays.
Graphs of z(x) for the domain of a quarter-sinusoid (0 6 x 6 p/2)
for a sample of illumination angles are presented in Fig. 6. In the
depth proﬁle in Fig. 6b1, corresponding to the solution for s = 0
(illumination from straight above) and positive sign (the integra-
tion constant C is irrelevant here and can be set to zero), thehe luminance distribution L(x) = sin(x) for 0 6 x 6 p/2 (a quarter sinusoid). (b and c)
ation directions angles s, as indicated below each proﬁle. Families of parallel lines
ates are equally spaced between x = 0 and x = p/2. Arrows point in the directions of
le d, subtended by the direction of illumination and the surface normal, and thus to
depth proﬁles, since all proﬁles are associated with the same luminance distribution.
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surface normal is collinear with the illumination direction, that is,
where the illumination strikes the surface perpendicularly; as the
surface and its normal turn away from the illumination source,
progressively less and less light is reﬂected, until illumination just
grazes the surface at the (here inﬁnitely distant) left-most point,
where the surface normal is perpendicular to illumination direc-
tion, and luminance is zero. When the sign is negative, the same
luminance distribution is generated for a concave surface segment,
as depicted in Fig. 6c1. Fig. 6b1 and c1 form a symmetrical pair,
illustrating the well-known convex-concave ambiguity (Liu &
Todd, 2004). However, there is also a direction-of-illumination
ambiguity, involving an inﬁnity of such symmetrical pairs, one
for each (s,s) combination between p and p. For example, con-
sider the proﬁle in Fig. 6b2, with the illumination angle turned
clockwise from vertical for s = p/8. Compared with Fig. 6b1, the
highest point of this proﬁle is shifted leftwards, its amplitude (dif-
ference between highest and lowest point) is smaller, its arc length
is shorter, and its average rate of change of curvature is faster
(since the surface normal has to turn for 90 along a shorter path).
However, just as for the proﬁle in Fig. 6b1, the light hits this surface
segment perpendicularly at the right edge, and the angle it sub-
tends with the surface normal increases in exactly the same man-
ner, until it reaches 90 at the left edge. A symmetrical, concave
solution is generated for the symmetrically rotated illumination
direction (s = p/8, Fig. 6c2). For the diagonal illumination direc-
tions (Fig. 6b3 and c3), the peak of the convex solution curve,
and the trough for the concave version, have moved to the center,
arc length and amplitude have decreased to minimal values, and
the average rate of change of curvature is fastest. With further
rotation of illumination direction (Fig. 6b4 and c4), the peak and
trough continue their leftwards shift, but arc length, amplitude
and rate of curvature have reversed their direction of change,
and now increase. Finally, for horizontal illuminations (Fig. 6b5
and c5), the peak and trough have migrated to the left edge, but
the other characteristics of the surface segment have become the
same as for vertical illumination, except for mirrored shape. This
discussion helps to illustrate in detail the level of ambiguity of
the luminance distribution and the set of corresponding shapes.
In particular, note that whereas luminance changes monotonically
throughout the domain, the height of the corresponding body does
not (except for s = 0 and s = p/2), but has a peak or a trough. Inter-
estingly, these extremal points of the shape proﬁle are not singled
out in any way in the luminance distribution: they may be located
anywhere between the left and right edge and correspond to any
value of luminance.
When the domain is extended to a half-sinusoid (0 < x < p), Eq.
(3) is generally discontinuous, so that the solution is physically
unrealistic, although mathematically correct (for an example of a
discontinuous solution, see Mallot, 2000). However, continuous
solutions do exist for all values of s, provided that the luminance
half sinusoid is treated as two joined symmetrical quarter-sinu-
soids, whose integration constants are chosen such that the solu-
tion functions join continuously at midpoint, as shown in Fig. 7.
Fig. 7b and c present two solutions for vertical illumination, which
are joins of proﬁles in Fig. 6b1 and c1 and their mirror images; this
is another pair of shapes instantiating the convex-concave ambigu-
ity. However, there are two more ways to join these proﬁles,
depicted in Fig. 7d1 and e1, making a total of four solutions for
s = 0. In addition, the direction-of-illumination ambiguity is also
present, resulting again in an inﬁnity of symmetrical pairs, which
are joins of corresponding solutions for the quarter sinusoids, as
depicted in Fig. 7d2–d5 and e2–e5. Note that the location of max-
imal luminance can correspond not only to a local maximum
(Fig. 7b) or minimum (Fig. 7c) of the height of the surface, but also
to an inﬂection point (Fig. 7d and e). The inﬂection point indicatesa change of direction of rotation of the surface normal (as can be
readily seen in the diagrams), corresponding to a change in the sign
of curvature; the angle of the surface tangent at that point can take
any value. In sum, the preceding considerations describe in detail
the complex reciprocal relations of illumination direction, depth
proﬁle, and the corresponding luminance distribution, illustrating
a much more thorough underdetermination of 3D shape by the
luminance distribution than the well known convex–concave
ambiguity.
Belhumeur, Kriegman, and Yuille (1999) showed that if an illu-
minated shape generates a certain luminance distribution, then the
same luminance distribution will also be generated by a family of
geometrically and photometrically transformed shapes. Applied to
the 1D cases at hand, if an illuminated shape deﬁned by z(x) with
reﬂectance r(x) generates the luminance distribution L(x), then the
same luminance distribution will be generated by a shape deﬁned
by a ‘generalized bas-relief transformation’ z0(x) = kz(x) +mx, and a
corresponding transformed reﬂectance distribution r0(x). In the
general case r0(x) is different from r(x); in particular, a spatially uni-
form reﬂectance distribution r(x) = C may need to be transformed
into a spatially variable distribution r0(x) in order to generate the
same luminance distribution L(x). However, in the present analysis
such a transformation is not envisaged, that is, all shapes generat-
ing the same luminance distribution are assumed to have the same
constant reﬂectance. It can be shown that under this constraint the
parameters of the generalized bas-relief transformation are given
bym = 0 and k = ±1, that is, that no new shapes are generated other
than those already deﬁned by Eq. (3).
4.2. Solutions and percepts
How do the preceding mathematical analyses relate to the
obtained psychophysical data involving perceived relief, depth
extent and direction of illumination? It can be shown that the
results for many displays can reasonably be associated with some
particular solutions of Eq. (3). This is especially straightforward for
the strong consistency displays (4a–g). For example, in display 4a,
for all three segments of the shading the dominantly perceived
shape was convex; this impression corresponds qualitatively to
the depth proﬁle in Fig. 7b. This 3D shape was derived under the
assumption that light is coming from above (s = 0); indeed the
data show that the dominant impression of illumination direction
for this display was from above. For displays 4b–d, the left and the
right segment looked convex but the middle one looked concave.
The perceived concavity corresponds to the solution in Fig. 7c, also
assuming that light was coming from above, but with inverted
sign; in these cases too the data show that the dominant impres-
sion of illumination was from above. Note also that the perceived
depth extent for display 4a was roughly equal to half of the depth
extents of displays 4b–d; as can be seen by inspection of these ﬁg-
ures, this result is in accord with the shapes of derived depth pro-
ﬁles. The same two mathematical solutions correspond to the
dominantly perceived convexities in display 4g and concavities in
display 4f; in both cases the dominant perceived direction of illu-
mination was from above. Finally, the perceived undulating shape
of display 4e corresponds to the solution in Fig. 7d3, for s = +45; in
accord with this solution, the data show that the dominant impres-
sion of illumination was from the right. Its perceived depth extent
was smaller than for displays 4b–d, which is in accord with the
mathematical solutions, but was not smaller than for display 4a,
although this is what one would expect from the solutions. In
sum, except for this discrepancy, most of the data can reasonably
be associated with some solution of Eq. (3).
The results for medium consistency displays (4h–k) can also to
some extent be associated with some solutions of Eq. (3). For
example, although the majority of subjects (47%) declared display
Fig. 7. The extended luminance distribution and the reconstructed shapes. (a) A representation of the luminance distribution L(x) = sin(x) for 0 6 x 6 p (a half sinusoid). (b
and c) Two solutions for s = 0. (d and e) Examples of solution curves corresponding to different illumination directions angles s, as indicated below each proﬁle. Other
features of the diagrams are the same as in Fig. 5.
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29% it exhibited three convex segments, same as for display 4a,
which corresponds to a solution of Eq. (3), and for another 11% it
looked like an alternative, similar shape, also with three convex
segments. For display 4j the majority of subjects (46%) chose that
alternative shape, whereas 26% chose its inverse, with three con-
cave segments, which is also among the solutions. For display 4k
the majority of subjects (39%) chose a shape that can be associated
with the solution presented in Fig. 6d5, corresponding to light from
right (s = +90) for the right third of the shape, and the solution in
Fig. 6e5, corresponding to light from left (s = 90) for the left third
of the shape; in empirical support, the data show that for this dis-
play the percentages of perceived illumination from the left and
from the right were approximately equal. For display 4h the major-
ity of subjects (54%) chose a shape with similar right and left sides
as display 4k and a central portion similar to display 4c; for this
display the percentages of illumination from the left, from the right
and from above were approximately equal.
Finally, although the majority of subjects (26%) refused to asso-
ciate the low consistency display 4l with any of the offered shapes,
25% chose the same shape as for display 4e, with identical top con-
tour, and 13% chose the same shape as for display 4b, with identi-
cal bottom contour; the latter two cases correspond to solutions of
Eq. (3).4.3. Shape-from-contour rules
The preceding discussion showed that in a substantial number
of cases the subjects’ reports of shapes of contoured gratings could
be associated with some solutions of Eq. (3). The question that now
arises is why particular reports were associated with particular
solutions, in other words, which features of the stimuli were
responsible for the visual system ‘carving’ a particular, concrete
relief out of the inﬁnite family of shapes allowed by the massively
ambiguous shading?
One approach to reduce the shading ambiguity is to determine
the direction of illumination s, and to plug this information into
the irradiance equation. Some shape-from-shading algorithms
assume that this information is given in advance, for example that
illumination is from directly above or from the same direction as
the camera view, whereas others use various estimates of the
direction of illumination. However, it is not clear to what extent
human observers actually rely on such estimates when perceiving
3D shapes of illuminated objects (see Morgenstern, Murray, &
Harris, 2011). Note also that the fact that manipulating contour
shapes of gratings can change the direction of perceived illumina-
tion, amply illustrated in the preceding displays, challenges the
notion that estimation of illumination must precede shape
reconstruction.
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the information provided by the shapes of bounding contours of
shaded images. Koenderink (1984) has shown that the type of 2D
curvature of the visual bounding contour (rim) of a smooth body
provides information about its 3D curvature in the vicinity of the
rim: locally convex 2D contours correspond to locally ovoid 3D
surface patches (both principal curvatures are positive), and locally
concave 2D contours correspond to locally saddle-shaped 3D sur-
face patches (one principal curvature is positive and the other neg-
ative). However, little is known whether the human visual system
actually exploits this information. As a potential problem for
applying Koenderink‘s theorem here one could point out that it
is restricted to projections of smooth 3D bodies, whereas many
of these displays may rather convey the appearance of thin corru-
gated open 2D surfaces ending abruptly at the contours and involv-
ing sharp edges. However, note that Koenderink’s theorem applies
to actual 3D bodies, whereas these displays are not renderings of
such objects but just 2D shaded regions. More to the point, even
if these displays are regarded as projections of 3D objects, one
can easily envisage those objects as neither being inﬁnitesimally
thin (but rather possessing some thickness) nor ending abruptly
(but rather having smoothed out edges, thus exhibiting continuous
curved transition from one side of the surface to the other), in
which case they would in fact be suitably smooth 3D bodies, to
which Koenderink’s theorem does apply.
Note that Koenderink’s 3D-shape-from-2D-contour theorem
applies only for regions of the ﬁgures near the rim and does not
predict the appearance of their interior, which look like concatena-
tions of cylindrical segments (thus involving local shapes whose
one principal curvature is zero and the other is positive or nega-
tive), and are neither ovoid nor saddle-shaped. One possibility is
that the visual system reconstructs 3D shapes of shaded regions
near their borders in accord with Koenderink’s theorem, and that
the border shape information is then extrapolated into their interi-
ors. This extrapolation would be constrained by the structure of the
shading, yielding convex and concave cylindrical proﬁles for the
displays studied here. In any case, a heuristic shape-from-contours
rule, predicting perceived 3D reliefs of interiors of contoured grat-
ings from their 2D boundaries, can be formulated as follows: con-
vex segments of 2D contours correspond to convex cylindrical
portions of the perceived 3D relief, and concave segments of 2D
contours correspond to concave cylindrical portions of the per-
ceived 3D relief; furthermore, straight segments of 2D contours
correspond to ﬂat portions of the perceived 3D relief.
Note that the disambiguation of shading provided by contour
shape as proposed here is different in kind than the disambigua-
tion provided by other types of cues, such as texture or disparity.
This is because for any small interior portion of the display the lat-
ter two cues can be thought of as linearly combining with the
shading cue to specify the local 3D orientation. In contrast, contour
shape does not directly specify the local orientation of interior por-
tions of shaded regions, but is envisaged as acting as a kind of
boundary constraint whose effect propagates from the contour
toward the interior.
To what extent can this rule account for the data for the twelve
displays studied here? Inspection of the results indicates that it can
successfully predict the dominantly matched shapes in seven ﬁg-
ures, including four displays from the strong consistency group
(4a, 4c, 4e, 4f), and three from the medium consistency group
(4h, 4k, 4i). The rule can also be plausibly invoked to account for
the perceived relief in the low consistency display 4l, as well as
in Fig. 2, which have different, incongruously shaped contours at
the two ends, but at both ends the perceived reliefs in the portions
of the images relatively near to the contours are in accord with the
rule. And if the rule is extended to predict that in case that one con-
tour is straight and the other is curved, then the perceived shapewill be in agreement with the curved contour, it could also account
for the dominantly matched shape in display 4d.
Other contoured gratings pose more problems for the shape-
from-contours rule. An interesting case is display 4b, which is sim-
ilar to display 4c and shares the same strongly consistent perceived
relief. The rule can easily account for the perceived relief of the dis-
play when it is applied to the top contour. However, applied to the
bottom contour, it predicts the inverted relief (convex middle cyl-
inder, ﬂanked by two concave cylinders). Although such a relief
was offered as a match, it was chosen by only 6% of the subjects;
note, though, that with prolonged viewing of the display the per-
ceived relief may indeed invert. One way to account for the domi-
nant effect of the top contour is as follows. Most ﬁgures used in the
study have symmetrical top and bottom contours, whereas in
Fig. 4b these contours are identical. This difference may have
affected the orientations of the perceived 3D ﬁgures and their per-
spective. Figures with symmetrical contours can be thought of as
being projected according to linear perspective, and having a
frontoparallel orientation. In contrast, Fig. 4b can be thought of
as being projected according to parallel perspective, and being
slanted in depth. Given the geometry of the projection, the angle
of the slant is ambiguous, since either the top or the bottom part
could be further away from the observer. However, the data show
a strong bias for the top part to be perceived as further away. This
bias could be an instance of the well-known ‘height in the ﬁeld’
constraint, according to which the portions of the ground that pro-
ject higher in the visual ﬁeld tend to be perceived – generally cor-
rectly – as further away.
Clear counterexamples to the rule are provided by displays 4g
and 4j, whose contours consist of three concave segments, but
which are dominantly perceived as having three convex segments.
Incidentally, the reason why adding a few thin bright lines to dis-
play 4g, transforming it into display 4f, was enough to generate
perceived concavities in accord with the rule, was possibly that
they conveyed the impression of illuminated thin ridges. The rule
is also contradicted by the two next-to-dominant perceived reliefs
for display 4i (whose combined frequencies, as noted above, were
statistically not different from the frequency of the dominant
relief), which are convex, although the contour is straight.
The common feature of the displays problematic for the shape-
from-contours rule is that their perceived reliefs (dominant or
next-to-dominant) involve convexities, even though the corre-
sponding contours are straight (4d, 4i) or concave (4g, 4j). This sug-
gests the existence a default tendency to perceive such luminance
distributions as convex in 3D, regardless of the shape of the con-
tour (see Langer & Bülthoff, 2001). Thus the main pattern of data
in the present study can be accounted for by two regularities:
one is the shape-from-contours rule and the other is the default
convexity tendency.
A serious shortcoming of the shape-from-contours rule is that it
does not take shading into account. The importance of shading was
already demonstrated in Fig. 1 by the contrast of salient perceived
3D reliefs in Fig. 1a–d and their absence in Fig. 1i–l with homoge-
neous interiors. Additional demonstrations are provided by the dis-
plays in Fig. 8a–d, which have the same contour shapes as the
corresponding displays in Fig. 1a–d, as well as the same luminance
distributions, but shifted for half a phase with respect to the con-
tours. Although generally the same 3D shapes can be seen in
Figs. 1a–d and 8a–d, there are also some differences. The difference
between Figs. 1c and 8c is relatively minor, in that the phase shift
has generated a shift of perceived direction of illumination. More
substantial differences are present in the remaining ﬁgures, in that
the depth proﬁles of displays 1a, 1b and 8d appear more salient
and seem to have a larger amplitude than the corresponding depth
proﬁles of displays 8a, 8b and 1d. Furthermore, the latter three dis-
plays convey the impression of unnatural lighting, similar to
a b c d
Fig. 8. Relief and phase. The contour shapes of displays a–d are the same as for Fig. 1a–d, but the phase of the grating is shifted. See text for details.
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tion with respect to the contour displaces the salient loci of the
contours (such as highest, lowest and inﬂectional points) with
respect to the salient loci of the luminance distribution (lightest
and darkest stripes). In particular, the regions of the ﬁgures that
are perceived as crevices (due to locally cusp-shaped contours)
are accompanied by darkest stripes in displays 1a and 8d, and by
lightest stripes in displays 8a and 1d. The phenomenal differences
between these displays may in part derive from the fact that the
former combination of local 3D shape and luminance is more eco-
logically realistic than the latter. The effects of various types of
phase shifts need to be studied more in future work.
As noted before, the preceding mathematical analysis was
based on some standard simplifying assumptions involving surface
reﬂection and illumination. However, the human visual system
does not necessarily implement such assumptions, and this fact
is illustrated by the phenomenology of these displays. For example,
perceived objects in Fig. 4 mostly appear shiny rather than matt,
and in Figs. 1d, 8a and b they do not appear to have uniform reﬂec-
tance; furthermore, the impression of a single parallel illumination
source does also not appear compelling in all displays. Neverthe-
less, to ﬁrst approximation this approach can reasonably well
account for main features of the data.
5. Conclusions
The stimuli used in the present study were not renderings of
differently shaped 3D objects under various illumination direc-
tions, but very simple 1D luminance distributions whose contour
shapes were manipulated. This raises the question to what extent
the ﬁndings are relevant for understanding shape-from-shading
perception of more natural and complex stimuli. In reply, note that
these displays were clearly able to evoke compelling and vivid per-
cepts of 3D shape. Since there is no need to postulate special mech-
anisms for perception of relief induced by contoured gratings, it is
reasonable to assume that these stimuli have strongly engaged
general shape-from-shading mechanisms, and that the present
data thus can provide some insights into their functioning. Among
these insights are the facts that contour shape can strongly affect
perceived 3D relief of shaded regions, that perceived reliefs were
generally similar to certain depth proﬁles that were shown by
mathematical analysis to be consistent with the shading, and that
the particular shapes of the perceived reliefs depended in a simple
way on the shapes of the contours, but also exhibited default con-
vexity tendencies. The fact that relief was salient throughout the
interiors of shaded regions suggests that shape information from
the contours propagated inwards, perhaps providing stimuli forneurons that code for surface orientation in 3D space (Nishina,
Okada, & Kawato, 2003). Competitive interactions between such
neurons may underlie the temporal instability of percepts of stim-
uli with incongruous contour shapes. Finally, in contrast to shape-
from-shading algorithms in which the estimation of illumination
direction precedes and affects the subsequent recovery of shape,
the ﬁnding that changing the shape of contours changed the
impression of illumination direction in these stimuli suggests that
the impression of illumination may be a consequence of recovered
relief, rather than its cause.
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